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ABSTRACT: The paper presents a self-consistent mean-field lattice theory of the Scheutjens—Fleer type
where segments may adapt to temperature and the local environment by changing their distribution among
internal states. Some new features are introduced in the theoretical treatment of incompressible systems,
and it is demonstrated how the chemical potential may be calculated without reference to a bulk system. The
theory is applied to make a qualitative prediction for the interaction between surfaces with grafted poly-
(ethylene oxide), or PEQ, chains. A simple two-state model for the PEO segments is used. The attractive
force between the PEO-covered surfaces in water is predicted to be related to the temperature-dependent
solubility of PEO in water. The contributions to the force are illustrated by simple examples. The attractive
force does not change monotonically upon changing the graft density. At low coverages a strong bridging
attraction is predicted if the surfaces are hydrophobic. As the surfaces become more polar, repulsion sets
in at a larger separation and the overall attraction becomes less strong. A calculated, closed, solubility gap
for a crude model of micelles of nonionic surfactants is presented.

1. Introduction

Controlling the stability of dispersions is very important
in technological applications. It is the forces between the
surfaces of the colloids that govern the stability, and
polymersare increasingly used to modulate these forces.1,2
A wealth of empirical observations of steric stabilization
and destabilization by polymers is available.2 Homopoly-
mers generally destabilize dispersions thermodynamically
but may slow down coagulation by increasing the viscosity.
Physically attaching (grafting) polymers onto the surfaces
yields thermodynamically stable dispersions in good
solvent for the polymer segments, whereas flocculation is
obtained in poor solvent. An analogous observation is
made for diblock copolymers where one block strongly
adsorbs to the surface. During recent decades a consid-
erable number of theoretical investigations®%5 and direct
force measurements®-82 have illuminated the situation,
and a thorough understanding is emerging. This theo-
retical paper focuses on temperature-dependent forces
between surfaces with grafted chains of poly(ethylene
oxide) (PEO) in aqueous solution.

The surface force apparatus developed by Israelachvili®
is a convenient method to measure forces under carefully
controlled conditions and provides a testing ground for
theories. A number of measurements have been performed
on homopolymers in various solvents.®”72 The behavior
of diblock,-™ triblock,® and othertl#2 copolymers has
been probed recently. Grafted polymers are less studied,
but some of the diblock systems studied’-7678 can be
regarded as such since one of the blocks adsorbs prefer-
entially to the surface. While several of the researchers
use polymers that contain EO groups, only a few use water
as a solvent.68.71,737481.82 In some of these, the tempera-
ture dependence of the force has been studied.”3:74.81,82

The theoretical treatments are based on scaling argu-
ments and self-consistent-field (SCF) methods. The
essential feature of a polymer is its connectivity. A
simplified representation of an ideal polymer is therefore
a path of a random walk. In the limit of a large number
of steps (monomers) scaling predictions are obtained. On
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a more refined level of approximation, segments interact
with (and/or exclude) each other and the polymer model
becomes a path of a self-avoiding random walk performed
in a potential field. If equilibrium properties are sought,
it is reasonable to use a mean potential field produced by
the ensemble average of the interactions with the rest of
the system. This potential field is not known a priori, but
one way to proceed is to build a theory where the
distribution of segments (normally some average distri-
butions) generates the mean field. The unknown potential
can then be solved for by requiring self-consistence; i.e.,
the potential generated by the segment distribution must
in its turn generate that same distribution. The solution
is usually determined numerically because of the complex
random walk in a field, but recently analytical results have
become available.28-37

The self-consistent-field theories can be divided into
two large groups: mean-field lattice models3®52 or con-
tinuum space analogues.3-37 The continuum theories are
aimed toward treating very long chains and focus on the
analogy between random walk and diffusion. In lattice
treatments the random walk is constricted to a lattice and
the explicit model on a segment level enables shorter chains
to be modeled. In the limit of very long chains the two
groups should be equivalent and differ mainly in the
treatment of exchange repulsion, or excluded volume.
Neglecting packing problems, it is approximated either
by a constraint that requires that the local volume fractions
sum to one?425:38-52 or by using the quadratic dependence
on the local volume fraction for the excluded-volume
interaction of pointlike segments due to Flory, Edwards,?
and de Gennes.? Since the latter implies infintely long
polymers,34it is predominantly used in continuum models.
An advantage of the latter approach was demonstrated
recently when an analytical solution of the potential for
long chains grafted to a surface could be obtained, thus
avoiding the tedious search for self-consistence by nu-
merical methods. Using an additional assumption of
“strong stretching” suggested by Semenov?® and Ohta? in
the case of melts, Zhulina et al.3%-32 and Milner et al.33-37
independently solved the problem which yields a parabolic
potential. The agreement with numerical results is
excellent in the case of long chains, but the neglect of
loops becomes evident for shorter chains (around 200
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segments).3 The volume fraction constraint is predom-
inantly used in lattice models. Itisamorestraightforward
method but necessarily demands a numerical solution.
However, the lattice mean-field theories have the advan-
tage that they are rather simple to adapt. The seminal
papers of Scheutjens and Fleer#4! have subsequently been
followed by a number of extensions and related
theories.42$5

One such extension*52 includes internal degrees of
freedom for the segments in order to use a model for PEQ
proposed by Karlstrom.%® PEO and block copolymers
containing PEO are widely used in industrial and phar-
maceutical applications. The advantage of PEO lies not
only in its relative hydrophilicity in spite of being un-
charged but also in the fact that it shows a solubility gap
inwater as the temperature isincreased. The temperature-
dependent interaction provides an additional freedom of
control that may be exploited. By allowing the segments
of PEO to have internal degrees of conformational freedom,
Karlstrom found a set of parameters#85 for a simple two-
state model that gave a fair reproduction of the solubility
gap. The internal state of PEO segments is represented
by a balance between two conformational classes. One
class is said to be predominantly polar and interacts well
with water, while the other is nonpolar. In the model, the
decreasing solubility in water (displayed by PEQ) arises
because the nonpolar class has more members than the
polar class. As temperature increases, equipartition then
gives the increasingly nonpolar character to the segments.
Conformational changes with temperature are also cor-
roborated by experiments (ref 86 and references therein)
and encouraging results predicting adsorption of block
copolymers,5287

Since the notational complexity is not unduly increased
by a general treatment, a different version of a previous
extension?? of the multicomponent formalism of Evers et
al. (ESF)# is presented. A detailed knowledge of the
theory is not necessary to understand the discussion in
section 7. The theory relies by necessity on excessive
notation (in spite of efforts to the contrary) but is a fairly
standard procedure, and the main novelty is summarized
here. All transformation of the parameters, previously
introduced fornumerical and notational reasons, is avoided
to enhance interpretation. The numerical tricks are
relegated to an appendix. As a consequence, it becomes
clear how to calculate chemical potentials in incompressible
systems without reference to a bulk phase. Asstated, the
aim of this paper is to investigate the temperature-de-
pendent forces between surfaces with grafted PEQ in
water, but this is an additional twist. Previously a system
could only be considered in equilibrium with homogeneous
bulk, where expressions for the chemical potentials are
readily available,*54%-5283 However, regarding a system
as homogeneous in the traditional Flory sense® introduces
serious errors for multicomponent systems, especially when
components associate. The chemical potentials thus
calculated may be completely unrelated to the real values
they purport to reflect. Consider as an example diblock
copolymers aggregating into micelles at very low concen-
trations. The chemical potential of the diblock copolymer
(and the solvent) is obviously very different from that
calculated for the corresponding homogeneous system.
Even for a homopolymer in dilute solution, the chemical
potential calculated in a mean field of spherical geometry
is probably closer to reality than that calculated for the
homogeneous system. In the lattice mean-field models
(which are featured in this paper), heterogeneity is allowed
in one dimension which is a less severe approximation.
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The present paper is organized as follows: In sections
2 and 3 the general theory is presented. The segment
interactions and the approximations involved are treated
in section 4. The solution procedure is briefly described
in section 5, where the practical details are found in the
appendices: evaluation of segment and state distributions
(B), numerical tricks (C) and analysis of conformations
(D). The calculation of the free energy of interaction is
dealt with in section 6. In section 7, the results and
discussion start by considering the force between surfaces
in simple systems and gradually extend to the complex
system of grafted PEO chains. The paper finishes with
some concluding remarks. The canonical chemical po-
tential is introduced in section 3, its excess contributions
are treated in section 4, and its calculation is described in
section 6.

2. Partition Function

Consider a layered space of some specified geometry
between two surfaces. The layers are numbered from i =
1 to M, with one surface at layer zero and the other at
layer M + 1. The choice of geometry giving the lowest
free energy requires either prior knowledge of the real
system or physical intuition. Usually simple geometries
like parallel plates, concentric spherical shells, etc., are
tested. The types of components filling the system may
range from simple solvent to heterogeneous chain mole-
cules with internal degrees of freedom. The number of
components of type x is denoted by n,, and each component
contains r, connected segments. The segments may be of
different types (species), labeled A, and each species may
attain different states labeled B. (Some notational
conventions are given in Appendix A.) The surfaces are
treated as fixed distributions of surface species denoted
Oand M + 1.

Applying the Bragg—Williams approximation of random
mixing within each layer reduces the scope of the problem
toone dimension in the chosen geometry or, in other words,
to finding mean number distributions of species and the
mean fields generating them. Inthelattice approximation
all types of segments occupy sites of unit volume. Fur-
thermore, the number distribution of segments is taken
to be proportional to the volume fraction distribution.
For consistency the layer spacing is then normally chosen
to be on the order of a segment diameter, i.e., unity
(mimicking close-packed layers). In what follows these
approximations are implicit.

A matrix X specifies the lattice topology, where A;
denotes the probability that a nearest neighbor to a site
inlayeriisinlayerj. The neighbor relation described by
the A matrix is of course symmetric with respect to the
number of nearest-neighbor pairs. Therefore, the elements
of A are subjected to a flux constraint that holds that the
total number of nearest neighbors in layer j to sites in
layer i, and vice versa, should be equal. Thus
where L; is the number of sites in layer i. The flux
constraint ensures that the A matrix is physical in all
geometries. The geometry itself is indeed parametrized
by the set {L;} and the matrix \. For completely flexible
chains and inthe lattice approximation, the A matrix serves
a dual purpose since it is also the matrix of normalized
bond vector distributions. The bond lengthis onthe order
of the lattice spacing and consequently only the adjacent
layers can bereached in one step. A rotationallysymmetric
bond distribution in planar geometry leads to A;; = 0.5
and A;+; = M\ = 0.25, the same as for a hexagonal lattice.
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For curved surfaces such a simple analysis will yield a A
matrix which does not satisfy the flux constraint (eq 2.1).
The effect of curvature must be simulated in an approx-
imate manner. A reasonable assumption is that the
number of bonds from layer i to i + 1 is proportional to
the area S;separating them.#4 Usingeq 2.1 and requiring
the correct limit in the planar case, the most general
solution is4®
S; Siy
A1 = Mf’ A = MT’ M=l A (22)

where \; is the bond distribution to the adjacent layer in
the planar case.

Due to the random mixing approximation, segments
can only be distinguished by the layer number of their
occupancy. Conformations of chains can then only be dis-
tinguished as different ordered sequences of layer occu-
pancy numbers. In the absence of segment-segment
interactions (other than connectivity), both the compo-
nents and the conformations are independent of each other.
Let the statistical weight w,. of a conformation ¢ of
component x be the number of ways to place the first
segment times the product of the bond vector probabilities
of ¢

rx
Wye = Lk(x,c,l) ka(x,c,rl).k(x,c,s) 2.3)
§=2

where k(x,c,s) is the layer where segment s is located in
conformationc. Thestatistical weight is then the number
of ways to obtain the conformation c, divided by a constant
factor that normalizes the bond vector distributions for
component x. Choosing the product of all normalizing
constants to be the reference, the ideal canonical partition
function can be written as a sum over all specified sets of
conformations {n,.}

. lw, 1™
Qxd = Z H ¢ } (2.4)

ned\ ¢ nxc !

where n,. is the number of component x in conformation
¢. The number of each component is kept constant, and
the indistinguishability of chains in the same conformation
has been taken into account. Each term in the ideal
partition function is then proportional to the total number
of distinguishable ways to realize the system in the absence
of segment—segment interactions. Note that the selected
reference here is different from Flory® and others.4952
Any choice of reference state is equivalent to dividing the
ideal partition function by some constant. Flory®® prefers
areference that corresponds to the product of the partition
functions for the separated pure components. His choice
is equivalent toscaling the number distributions to volume
fraction distributions and removing a constant term
(depending on the number of sites in the system) from the
Helmholtz free energy. However, the choice is free aslong
as it is consistent. In this paper the number distribution
becomes the central quantity and the implied lattice
approximationis avoided. Other versions pick areference
which scales the number distributions to probabilities.53-6!

Real systems are more complicated since segments may
interact with each other and may have internal degrees of
freedom adapting to the local environment. Furthermore,
they can be subjected to constraints such as segment-
segment excluded volume, impenetrable surfaces, and/or
confined chain ends. The free energy contributions from
these interactions (the excess free energy,® Aex) are
complex and must be approximated in the self-consistent-
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field treatment. These problems are deferred to section
4, and the canonical partition function is symbolically
written as

wICn

e=e'e== Y| 11T :"]e-w«n«» @5

{nec x ¢ nxc ’

where 8 = [kgT]], and each set is Boltzmann weighted
by its excess free energy. Clearly, any set violating a
constraint should be weighted by zero.

3. Equilibrium Distribution

At equilibrium, the most probable set of conformations
({nyq}) which maximize Q will dominate. Introducing the
canonical chemical potential (with pressure dependence
removed; cf. section 6.2), which we denote 5 to distinguish
it from Gibbs’ chemical potential u, the above condition
can be rephrased so that the chemical potential », for any
component ¥ is equal for all conformations. The concept
of chemical potential might seem artificial in an incom-
pressible lattice system, but 5 plays the same role as u and
satisfies the Gibbs—Duhem type relation

A=) nn, 3.1)
Yy

where A is the Helmholtz free energy. Usingthe definition
of (canonical) chemical potential®! and the stated condition
for equilibrium, the following relation must hold:

= _d¢In@)
Bn, = Bnyg = on,,

n
=1In (;—yj’) + B, (3.2)

Yy
with #,4°* defined by

ex

3A%(n, )
Mya = 5 —

(3.3)
on,,

The excess chemical potential for a component (»,4°*) can
beinterpreted as the interaction free energy of a component
y fixed in conformation d with a canonically averaged
system. Using the probability of a conformation d of
component y (Pyq = ny4/ny) and rearranging eq 3.2 yields
a constitutive relation valid at equilibrium for all Pyy

C
P,= n—;’wyd exp[-6n,4"] (3.4)
where the constant C, is exp(8n,). Since the probabilities
should add up to unity, summing over all possible
conformations d yields

Cy exy1-1
—= [;wyd exp[-Bn,,™1] 3.5)
ny

Thus, C,/n, is simply a constant of normalization. A self-
consistent equilibrium probability distribution {P,4} can
be found by requiring that eq 3.4 is satisfied for any
component y and conformation d in the set. This
procedure is described in section 5 and Appendix B.

4. Contributions to the Excess Chemical Potential

For components consisting of several segments, the
excess chemical potential defined by eq 3.3 is conveniently
approximated by the sum of the contributions from each
of its segments

Ty Ty
eX o - constraint
MTya = Z’hw,sw_y.d,s) = [Z”tcy.s),hcy,d,s)] + Vi
s=1 s=] (4 1)

where t(y,s) is the species type of segment s in component
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y and where we separate the external constraints from the
interactions. External constraints are imposed by im-
penetrable surfaces or confined chain ends. For flexible,
possibly end-confined, chains in a slit, the external
constraint potential simply attaches an infinite cost to
placing segments inside hard walls and/or to releasing
confined segments; otherwise, it is zero. This approach
is more general than the absorbing boundary conditions
proposed by Silberberg® but has the same effect.

The term in the square brackets only depends on
segment type and layer number. The segment potential
ua; is the cost in excess free energy when a free monomer
(segment) of type A is placed in layer i. Taking into
account only the contributions from the nearest-neighbor
interactions, the internal free energy, and the site-site
excluded-volume constraint (U, Aint, and Vi, respectively),
the segment potential is obtained by the formal derivative

_ AU+ A, + Vil
B ony,

Uy 4.2)
where n,; is the number of segments of type A in layer i.
Since random mixing of species within each layer is
assumed, the above contributions are necessarily approz-
imated by their mean-field counterparts.

A simple model for adaptation of species (segments) to
the local environment is to allow for internal degrees of
freedom. The adaptation is then described by changes in
the distribution among internal states of aspecies. Ifstates
interact differently with the surroundings, the species may
harmonize with it by changing state accordingly. Choosing
one state as the reference (ensuring zero internal free
energy for species lacking this degree of freedom), arelative
internal free energy can be associated with each state. It
is decomposed“®52 into an energetic and an entropic term
where the possible degeneracy of internal states is taken
into account. The total internal free energy Aj, is then
expressed by

P.o:
BA,, = Z;nM;PA&-[ U, +1n i] 4.3)

where P,p; denotes the average probability that species
Ainlayeriisinstate B, Usp is the relative internal energy
for state B of species A, and gag is the relative degeneracy
of state B of species A. The distributions of internal states
are chosen such that the free energy is minimized for a
given distribution of species (Appendix B). Evidently,
allowing species to adapt always lowers the free energy
relative to the case where segments cannot adapt.

In the lattice approximation the nearest-neighbor in-
teraction energy (U) is a function of the average distri-
butions of species and states. Choosing the reference
energy to be that of the separated species, U can be reduced
to an energy of mixing. This reference is more convenient
than the energy reference previously chosen®52 with
respect to separated heterogeneous components. Using
the familiar Bragg-Williams x parameters (R Txcp = wep
- 0.5(wcc + wpp), where w is a free energy of interaction
but is treated as purely energetic in this paper) then yields

BU = BlUp + Uyl =
%Z;;;;nﬂp aBiXer { Pani®ai) +
Z;(Xm(PABonAO) + Xpy+1{PaB pm+1a p+1)) (4.4)

where ®,; is the volume fraction of A in layer i, and xpp'
is the parameter of interaction between a species A in
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state B with a species A’ in state B’. The first term Upy
arises from interactions between the species and the second
term U, ¢ from interaction with the surfaces. The surfaces
are treated as step function distributions of “surface
species”, and xgo(xBm+1) is the interaction parameter of
species A in state B with the surface at layer 0 (M + 1).
The bracketed {Pap;®a;} denotes the probability that a
species A’ in state B’ is a nearest neighbor to a site in layer
i. The probability of having type x as a nearest neighbor
from layeri is (x;) = L;A;xj, where the sum is running over
all possible connections from layers j to i. The angled
brackets in the surface term denote the number of nearest
neighbors of a certain type to a surface species.

Segment-segment excluded-volume (hard-sphere) in-
teractions pose serious problems in the mean-field ap-
proximation since they are strictly local. However, it is
convenient to approximate the condition of no overlap by
a volume filling constraint for each layer on the equilib-
rium distribution of species:

;nm- L, Vi (4.5)

Using the Lagrangian multipliers a;, Visin eq 4.2 can then
be cast in a mean-field form by

V=) oL~ ;n ] (4.6)
hs Z it~ Aj
where the undetermined multipliers «; should be chosen
to fulfill eq 4.5. The same approach has previously been
used by several workers.244%-65 The contribution from V),
to the excess free energy is zero when the constraints are
satisfied as expected. Each «; can be interpreted as a
constraint pressure operating on each site (unit) volume
toyield pressure-volume work. The Lagrange multipliers
are in fact®® similar to the lateral pressures introduced by
Maréeljas® and Gruen.5* Using the pressure interpretation,
one concludes that only the relative levels in the set {a;}
are important for the fulfillment of eq 4.5. Inother words,
only M — 1 a; are independent. However, the absolute
level for the equilibrium set {c;} can be fixed by using the
additional Gibbs-Duhem relation (eq 3.1). (See section
6.)

The derivative in eq 4.2 can now be evaluated. Using
eqs 4.3, 4.4, and 4.6, the segment potential becomes

Buy, = -a; + ;;;PAB;XBB'(P api®ai) +

PABi
8AB
Avr,iXp+1Pagi( (47)

5. Self-Consistent-Field Solution

Inorderto calculate the species distributions for systems
with heterogeneous polymers, the distributions of segments
according to rank must be extracted from eq 3.4, i.e., the
distributions of the first segment, the second segment,
and so on. The self-consistent solution is obtained
iteratively: Foragiven guess of the species’ excess chemical
potentials {na;}, species’ distributions {n,;} are calculated
using eq 3.4 (Appendix B). The approximations intro-
duced in section 4 provide a link in the reverse direction
from {na;} to {na;} through eqs 4.1 and 4.7, and a set {aa/'},
required for eq 4.7 to hold, can be calculated. During the
iteration, o/ may vary between species, but in the final
solution it must be the same for all species. (The prime
reminds us that only the relative levels in {;} may be
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determined by self-consistence.)
The self-consistent solution is reached if all the volume-
filling constraints

L-) ngy=0, Vi (5.1)
A

are fulfilled and each o/ is independent of species.
aAi, - ai, = 0, VA (5.2)

During the iterations, {o;’} is taken to be the species average
of {aa;/}. The variation of {na;}, until egs 5.1 and 5.2 are
satisfied, is performed by a Newton—-Raphson procedure.%
The solution procedure involves using several numerical
tricks, some of which are discussed in Appendix C.

6. Helmholtz Free Energy and Grand Potential

6.1. Fixed Number of Components. The Helmholtz
free energy is

A=-kTInQ=U-TS+4,, ©.1)

where the internal free energy (Ai) and the interaction
energy (U) are given by eqs 4.3 and 4.4. It is obvious that
the constraints should give no direct contribution to the
free energy. The entropic part (T'S) is obtained through
Q4 in eq 2.4, evaluated with the equilibrium distribution
as the only possible set. It is then given by

nyq
-8TS = n [ln (—y—) - 1] (6.2)
;; ¥ wyd

The entropic contribution in eq 6.2 is difficult to evaluate
since it entails summation over all possible conformations
in the equilibrium set. A more tractable formulation can
be obtained using the Gibbs~-Duhem relation in eq 3.1
and the canonical chemical potential given by eqs 3.2, 4.1,
and 4.7,

nyd

Ty
)+ [Zut(m),k(y.d,s)] (6.3)
Wyg s=1

when all constraints are satisfied. Inserting eq 6.3 into eq
3.1 and simplifying using eqs 4.3, 4.4, and 6.2 gives as an
intermediate step

BA= npn,=-BTS+[Y n]l-[D Lal+
y y !
BLU + Upyy] + BA;y, (6.4)

mix
Rearranging eq 6.4 and using 87, = In C,, the Helmholtz
free energy can be written as

BA=BIU-TS+A,l=) nflnC -1+
Y
[ZLiai] - ﬁUmix (6.5)

Bn, = Bnyy = In (

provided that a self-consistent solution has been reached.
Equation 6.5 is independent of the absolute level in {a;}
since C is linked to o through eqs 3.5, 4.1, and 4.7. Asa
result we can in eq 6.5 directly use the raw, shifted
quantities {C,’} and {a;/} obtained from the solution
procedure.

Comparison of eq 6.4 with eq 6.1 yields the identity

ZLiai = 8U,; + Zy:ny (6.6)

that establishes the absolute level of the constraint
pressures as discussed above. The main advantage of this
is that an unambiguous evaluation of the canonical
chemical potentials becomes possible. Consider the case
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where the shift in the absolute level of a is P (the notation
implies the equivalence between shift and pressure es-
tablished in the next section). Denoting the shifted
quantities by primes, the canonical chemical potential is
given by

n,=kgTln C,] =kgTIn C/+r Pl (6.7

where P is obtained by insertion of o; = a/ + P into eq
6.6

) [;”y] + 8ULi ‘[Z:Liai']

T
1]

Thus, both the free energy and the canonical chemical
potential can be evaluated if the set {ua;} is self-consistent.

6.2. Components in Equilibrium with Another
System. The above treatment is valid for the canonical
ensemble where the number of each component is fized.
It is simple to extend it to cases where one or more
components in the system of interest (system one) are in
equilibrium with a second system (system two). System
two is assumed to be very much larger than system one
so that it will remain virtually unchanged by the equi-
librium. Consider a system where z components are in
equilibrium. Changing from a canonical ensemble
Q({n.},V,T) to an ensemble Z({n,},{u.},V,T), the relevant
free energy becomes the grand potential®! Q. It is given
by a Legendre transformation to be

Q=A-) nu, (6.9)

P (6.8)

where A is given by eq 6.5.

The fixed Gibbs chemical potentials u, are introduced
into the theory by fixing C, to exp(8u,) (instead of exp-
(B7.) as above) and adjusting n, tosatisfy eq 3.5. Asevident
from a Legendre transformation from Helmholtz to Gibbs
free energy, u, will in general differ from 7,; by a pressure
term

My = Ty = Na + rzP (610)

where P is defined as a hypothetical pressure difference
between the systems. (Note that r, has units of volume.)
By definition the pressure in system two is zero, so u, is
equal ton,2. The main advantage of eqs 6.7 and 6.8 is that
we can consider direct equilibria with a canonically
specified system two, instead of specifying the chemical
potentials approximately via bulk approximations#52 (see
Appendix E). Note that the same P is applied to all 2
components in equilibrium and that eq 6.10 is satisfied by
changes in 7,; when several components are in equilib-
rium. In line with the discussion in section 6.1, it is clear
that the pressure imposed by fixing one or more chemical
potentials u, is equivalent to specifying the level of «. Since
the self-consistent set {n;} in section 5 is independent of
the level, the solution procedure described can still be
used with the new choice of C;. Furthermore, the resulting
equilibrated system may be treated as a canonical ensemble
to evaluate »,; and P using eqs 6.7 and 6.8.

For the simple case when system two is a pure monomer
solvent and Bu, = -1 (cf. Appendix E), subtraction of the
chemical potential in eq 6.9 simply removes the depend-
ence on the number of solvent molecules from Qg. Two
coexisting phases have no pressure difference, so the
canonical chemical potentials must be equal. The force
between two surfaces at a separation D is related to the
free energy of interaction, which is defined by the difference



Macromolecules, Vol. 25, No. 15, 1992

ingrand potential as two surfaces are brought from infinite
separation to a separation of D layers

AQ4(D) = 05(D) - Q(=) 6.11)

where “infinity” represents any separation where the
surfaces do not interact.

For planar surfaces, the free energy of interaction is
conveniently expressed per lattice site (W), which can be
related to the normalized force (F/R) measured between
the crossed cylinders of a surface force apparatus using
the Derjaguin approximation®

Adg _W_ F_
27R

La, a
where the surface area is given by the number of sites in
a layer (L) multiplied by the real cross-sectional area (a;)
of a lattice site and R is the radius of the crossed cylinders.

The free energy of interaction can also be calculated for
nonplanar systems in the cell model approximation,?
previously used predominantly for highly charged sys-
tems.?-%7 By symmetry, the outer boundary is treated as
areflecting surface since the number of components is the
same in all cells. The reflecting boundary may be placed
at the layer boundary or in the middle of a layer. In my
calculations I have chosen only to place it at the layer
boundary.

For aggregates in the cell model, an additional contri-
bution to the grand potential due to mixing must be
considered. Assuming that all other contributions are
given by eq 6.9 and adding the ideal mixing entropy of the
aggregates, the total change in free energy for each cell
of the system as the separation changes becomes

(6.12)

AQG(D) = 0g(D) - Qg(red) + kT In (M)—) ©6.13)
G G G B, (reD) .
where $,g; is the volume fraction of the aggregate, i.e., the
volume of the particle plus the volume of the attached
chains divided by the total cell volume. In the cell model,
areference level must be chosen since at infinite aggregate
separation the last term becomes infinite.

7. Results and Discussion

In what follows, the system is chosen to be planar with
hard chains of length r grafted in equal numbers on both
surfaces, i.e., with their first segment confined to the
surface layer. The grafting density (o) is the fraction of
sites in a surface layer occupied by these first segments.
In planar symmetry all layers have the same number of
sites (L). The connection matrix (A) is chosen to be
equivalent to hexagonal symmetry for the nearest neigh-
bors (\; = 0.5 and A;;z; = 0.25 for all { and with all other
entries equal tozero). Asthesurfacesapproacheach other,
onlysolventis extruded and thus the system may be treated
as being in equilibrium with pure solvent. This simple
choice avoids the problem of calculating the chemical
potential for the chain-solvent system and gives the added
advantage that the grand potential can easily be divided
into energy and entropy contributions. Furthermore, the
attractive van der Waals forces and the repulsive pro-
trusion forces®® are deemed small for the comparatively
large surface separations considered.

Before focusing on the forces between PEOQO-covered
surfaces, it is instructive to discuss simpler systems.
Consider the case when the solvent and the surfaces are
of the same nature as the segments, i.e., when the energy
of interaction is zero (perfect solvent). As the surfaces
near each other, grafted hard chains experience a loss of
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Figure 1. Grand potential (solid), with its elastic (dashed) and
osmotic (dotted) contributions for grafted hard chains in perfect

solvent. Chains are 10 segments long (r = 10) grafted on both
planar surfaces with a grafting density ¢, = o, = 0.3.

configuration space and the grand potential starts to
increase when the segment distributions begin to overlap
(Figure 1). For polymers the repulsion is sometimes
divided into a conformational entropy and an “osmotic”
contribution. For polymers, the former has been coined
as an “elastic” contribution by de Gennes.® If the chains
are forced to stay in the system by the action of a semi-
permeable membrane (instead of by grafting) and the
system is sufficiently dilute to make the changes in the
conformational entropy term negligible, the interpretation
of the osmotic term agrees with the usual notion of osmotic
pressure.

The osmotic contribution is purely repulsive and arises
(in the mean-field theory) from the decrease in lateral
entropy as the system becomes concentrated. Anexample
of a system without an elastic contribution is constituted
by grafted monomers, since they have no conformational
entropy. Grafted monomers alsoilluminate onelimitation
imposed by the mean-field approximation. If the mono-
mers were truly grafted to a point, no lateral movement
would be permitted and the free energy of interaction
would be zero or infinite upon overlap. Aninterpretation
of a “grafted” chain is therefore that one end is confined
to a surface layer and lateral motion is permitted.

The elastic contribution is due to accommodation of
the conformational entropy of the grafted chains and is
not monotonic (Figure 1). The repulsive contribution at
short separations originates from the removal of possible
conformations by the surfaces. It will only be important
at low coverages when the surfaces can come close enough.
The attractive contribution arises from the fact that the
equilibrium set of chain conformations approaches that
of an “ideal” polymer. Due to excluded volume and the
inhomogeneous segment distributions, the grafted chains
are strongly stretched. As the surfaces approach and the
segment distributions overlap, the total distribution
becomes more homogeneous and the conformations relax
toward the “ideal” situation when the field has no direction.
The phenomenon is identical to the “ideal” behavior of
chains in a melt.5:8

It should be pointed out that the division of the free
energy of interaction into osmotic and elastic contributions
is somewhat arbitrary. Both are in fact two aspects of the
same phenomenon: removal of configurational space.
However, the division is commonly used in polymer
theories. One important example is the © temperature
for polymers in solution. At the O temperature the
unfavorable osmotic contribution upon concentration of
segments is canceled by favorable segment-segment
interaction and the chains behave close to “ideally”.
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Figure 2. Hydrophobic chains on hydrophobic surfaces for
different temperatures (r = 10, ¢, = gy = 0.3, RTxwu = 2.09,
RTxwo = 10.0, and RTxno = 4.44 kJ-mol™!, where W denotes
solvent, H chain species, and 0 either surface). (a) Hydrodynamic
thickness &y, for chains grafted on one surface. The increase in
o, with increasing temperature due to stretching is consistent
with decreasing hydrophobicity. Note the bridging at 300 K
when the segment distributions on both surfaces start to overlap.
(b) Free energy of interaction per site. The initial attractive
force hecomes repulsive as the solvent becomes better with
increasing temperature.

Next consider the case of hydrophobic chains grafted
at high coverage on hydrophobic surfaces in an aqueous
solvent (Figure 2a). Since the energy (eq 4.4) is given in
kT units, raising the temperature is equivalent to de-
creasing the interaction parameters. Upon an increase of
the temperature the initial attraction is transformed to
repulsion as the system approaches the perfect solvent
case. It was previously demonstrated by Van Lent et al.4
that at high grafting densities attraction is obtained when
the interaction parameter is greater than 0.5, i.e., approx-
imately at the © temperature. This prediction is corrob-
orated by force measurements.t"%"7 Ag the surfaces
approach each other the number of solvent-segment
contacts are decreasing, and if these contacts are unfa-
vorable, the gain in energy may dominate over the loss of
entropy (cf. phase separation).

A convenient probe of the state of the grafted chains is
the hydrodynamic thickness. The original theory®® was
developed for chains adsorbed on a single surface, and the
hydrodynamic thickness &, is then a measure of the
apparent layer thickness where solvent flow is obstructed.
Since dangling tails affect the flow strongly, 6y, is dominated
by extended tails. For grafted chains, &y, is thus a measure
of the level of “stretching” of the chains. The above concept
of “hydrodynamic thickness” for chains on a single surface
is convenient even when two surfaces are present. How-
ever, note that hydrodynamic thickness defined in this
way does not correspond to a measurable quantity when
the segment distributions overlap and only serves as a
theoretical probe.

Since chains adsorbed only on one surface enter into
the formula (Appendix D), bridging chains are excluded.
When bridges form, they consequently contribute to a
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Figure 3. Change in the volume fraction distribution relative
tothe undisturbed distribution at D = 21 for chains on one surface
at selected separations. The total volume fraction distribution
is shﬁwn in the ingset. Parameters are as in Figure 2, and 7' =
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Figure 4. Free energy of interaction per site at 300 K from
Figure 2b (solid), divided into its energy (dashed) and entropy
(dotted) contributions. The initial “stretching” is entropically
driven and gives a small attractive force. As the segment
distributions continue to overlap the large attractive force is due
to decreasing unfavorable segment-solvent contacts.

decrease of the hydrodynamic thickness. In Figure 2b, 6y,
for chains grafted on one of the surfaces is calculated
(Appendix D). In this case of high coverage, the number
of chains bridging the two surfaces is negligible and &y
reflects the true stretching. At 300 K, a subtle stretching
of the chains occurs as the segment distributions begin to
overlap, but at separations lower than nine layers the chains
are compressed. The same fact is evident from Figure 3
where the changes in the volume fraction distributions at
selected separations for chains on one surface, relative to
the distribution at large separation, are displayed.

The inset in Figure 3 shows the total volume fraction
distributions. Comparison shows that the segment dis-
tributions are relatively insensitive to the stress imposed
by the approaching surfaces. The crucial test of theories
for grafted polymers should therefore not be a correctly
predicted volume fraction profile. A more sensitive test
is the prediction of forces. Moreover, it is clear that the
chains do “interdigitate” in contrast to the assumptions
of Alexander34 and de Gennes.>?®

By dividing the free energy of interaction into energy
and entropy contributions (Figure 4), it becomes clear that
the stretching gives rise to a weak entropy-favored
attraction. Since the solvent dislikes both the chains and
the surface, it tends to press the chains toward the surface.
Asthe distributions start to overlap the chains can relieve
the generated entropic stress, at an energetic cost, by
stretching into the approaching segment distribution.
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When the segment distributions start to overlap more,
the main reason for the stronger attraction is the removal
of unfavorable segment-solvent contacts. At short sep-
arations the entropy contribution dominates.

Thestretching seen here is a weak cousin of the “bridging
attraction” proposed by Scheutjens and Fleer? for ho-
mopolymers that adsorb strongly. It is slightly counter-
intuitive. The formation of bridges is entropically unfa-
vorable in the ideal system, since both surfaces then remove
configuration space. However, strong preferential ad-
sorption of segments tips the balance. A clear-cut example
with a strong bridging attraction is polyelectrolytes on
oppositely charged surfaces.!® At large surface separa-
tions, the chains are adsorbed onto the surfaces in flat
configurations which is unfavorable in terms of the en-
tropic contributions. As the surfaces come closer, the
chains can alleviate this stress by binding to both surfaces,
resulting in an attractive force between the surfaces. In
this case, the stretching gives rise to an increase of physical
bridges. A similar situation is demonstrated by triblock
copolymers.51:8 Triblock copolymers in a bad solvent for
the end blocks can be regarded as chains with “sticky”
endsin asimplified model. Atlarge separationsthe chains
are in a forced loop conformation, but as the configura-
tion space increases when ends may bind on both surfaces
at shorter separations attraction begins.

As mentioned in the Introduction, the Karlstrém model
of PEO reproduces the solubility gap by allowing internal
degrees of freedom. Specifically, segments are allowed to
beineither of twostates. Onestateis called polar (denoted
P) and the other nonpolar (N) because of their differing
interaction with the solvent (W). To drive the average
state of the segments toward the nonpolar state with
increasing temperature, the nonpolar state has a greater
statistical degeneracy than the polar state. The parameters
chosen gave a reasonable fit to the PEO-water concen-
tration—-temperature phase diagram. The interaction
parameters were‘®8 RTxwp = 0.6508, RTxwn = 5.568,
and RT'xpn = 1.266 kJ-mol1, with the internal free energy
parameters RTUy = 5.086 kd-mol™ and gn = 8. The
surfaces are chosen to be hydrophobic, and the interaction
parameters are chosen to reflect this (see Figure 5). In
order to compare the calculated properties with experi-
mental results, the layer spacing must be estimated.
Assuming the EO volume to be approximately 64 A3, the
segments could be considered as cubes with a side length
of 4 A. The layer spacing is therefore close to 4 A and the
cross-sectional area is nearly 16 A2. Consequently, a free
energy of interaction of 1 kT per surface site at 300 K
corresponds to a normalized force (F/R) of 0.16 N/m (cf.
eq 6.12).

For PEO chains grafted on hydrophobic surfaces, the
free energy of interaction is related to the solubility gap
in the PEQ—-water phase diagram (see Figure 5). The
minimum in the free energy of interaction initially deepens
with increasing temperature but then becomes more
shallow at very high temperatures. At400K the segments
are so hydrophobic that the grafted layer contracts as seen
from the hydrodynamic thickness at large separations.
The contraction is corroborated by experimental obser-
vations.™ At higher temperatures, the unfavorable seg-
ment-solvent interactions become less important and the
chains tend to approach ideal hard chains as in Figure 2.

As a comparison, a chain without internal degrees of
freedom can be considered as being in an average state,
where its interaction parameters then become average
parameters. In fact, the parameters for the hydrophobic
chains in Figure 2 were chosen as the average state that
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Figure 5. PEO chains on hydrophobic surfaces for different
temperatures (r = 10, o, = oy = 0.3, PEO interaction parameters
(see text), RTxwo = 10.0, RTxpo = 6.7, and RTxno = 3.5 kJ-mol!,
where W denotes solvent, P the polar state, N the nonpolar state,
and O either surface). (a) Hydrodynamic thickness é, for PEQ
chains grafted on one surface. Note that the grafted layers are
more compact at 400 K. (b) Free energy of interaction per site.
With increasing temperature the interaction initially becomes
more attractive, and then less so (cf. the solubility gap). The
minimum is shifted to a smaller separation at 400 K.
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Figure 6. Free energy of interaction per site (solid, open circles)
for PEO chains at 400 K as in Figure 5a. Its contributions can
be divided into entropy (dashed), energy (solid), internal energy
(dotted), and internal entropy (dash-dotted).

gave the best fit to the segment distribution of PEO chains
at 300 K.#8 The free energy of interaction yields a much
deeper minimum in Figure 2 for two reasons: first, the
PEOQ segments can adapt at each separation and thus this
lowers the free energy; second, the average state that gave
the best fit for the segment distribution is more hydro-
phobic than the average PEO segment at 300 K.
Division of the free energy of interaction per site into
contributions from entropy, energy, internal energy, and
internal entropy at 400 K is shown in Figure 6. The same
trends as in Figure 4 are seen, but here some of the
unfavorable energetic interaction between water and PEO
at large separations has been transferred to unfavorable
internal entropy of the segments. Asthe two grafted layers
start to overlap and the PEO-water contact is reduced,
the internal strain due to adaptation is diminished, leading
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to a net negative (attractive) internal contribution to the
free energy of interaction. Thus, in Figure 6 it is evident
that the PEQ segments adapt their conformational state
to interact more favorably with the environment at the
expense of internal entropy. This behavior is vaguely
reminiscent of “hydrophobic” interaction and “water
structure”, 10! where unfavorable interaction with water is
also alleviated at the expense of the orientation of the
water molecules. It turnsoutthatthe internal free energy
contribution is attractive, whereas the sum of the energy
and entropy contributions is repulsive. Thus the main
contribution to the attraction comes from the decreasing
internal entropy contributions. Internal degrees of free-
dom essentially give the monomers the possibility of
adapting to the local environment. That the state is a
function of the local composition is clearly shown in Figure
7 at selected separations.

The influence of the surface coverage of grafted PEO
chains on hydrophobicsurfaces at 300 K is shown in Figure
8. The hydrodynamic thickness for low coverage ¢ = 0.1
(or 0.2) falls below 1.0 (2.0), indicating bridge formation.
Analysis shows that this is indeed the case. For high
coverages, a negligible number of bridges are formed. At
the lowest graft density (0.1), the free energy of interaction
ismuchstronger. It canbeunderstood in terms of bridging
attraction discussed above. Atthislow coverage the chains
must be in rather flat configurations in order to expel as
much of the water as possible from the hydrophobic
surface. The adaptability of the PEO segments plays a
rolesince it seems to allow for a greater density of segments
in the layer close to the surface (the same trend is not
shown for chains with the parameters from Figure 2).

The dependence on the character of the surface for low
coverage (0.1) at 300 K is shown in Figure 9. At high
coverages the surfaces behave predominantly as PEQ itself,
and the nature of the surfaces gives a negligible modulation.
In order to minimize the number of parameters used, the
surface species are chosen to be either hydrophobic, or a
segment in nonpolar or polar state, or water (see above).
The water dislikes the hydrophobic and nonpolar surfaces
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Figure 9. PEO on different types of surfaces at low coverage
(r = 10, 0, = oy = 0.1). x parameters in units of kJ-mol! for
different surface species are as follows. Hydrophobic: RTxwo =
10.0, RT'xpo = 6.7, and RT'xno = 3.5. Nonpolar: RTxwo = 5.568,
RTxpo=1.266,and RT'xno = 0.0. Polar: RTxwo = 0.6508, RT'xpo
=0.0,and RTxno = 1.266. Water: RTxwo = 0.0, RT'xpo = 0.6508,
and RTxno = 3.5. Otherwise PEQO parameters (see text). (a)
Hydrodynamic thickness for PEO chains on one surface. (b)
Free energy of interaction per site.

and forces the chains onto the surfaces, leading to a
bridging attraction. For the polar and water surfaces, the
attraction is very much smaller. The repulsion also starts
earlier, as a consequence of the more stretched chains.

The direct force measurement performed by Claesson
et al.” with the nonionic surfactant C;sEs (a dodecane
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Figure 10. Grand potential near the lower consolute point for
the C;3E;; micelle model.

with five ethylene oxide segments) adsorbed on a hydro-
phobic surface prepared by the Langmuir-Blodgett tech-
nique is the closest system for comparison of the calculated
free energy of interaction per site. The simple model
adopted assumes that the hydrocarbon tail is embedded
in a solid surface and that the EO tail can be regarded as
grafted. Assuming a graft density comparable to a bi-
layer of C,5Eg!%2 (with a calculated headgroup area of 47
A2 ¢ =0.34), the onset of the measured repulsion was not
consistent with simple volume-filling constraints. The
coverage is probably lower if it is assumed that the sur-
factant remains on the “solid” surface. The calculated
attractive force is about 1020 times larger than the
measured force. Furthermore, while trends in the tem-
perature dependence of the calculated force are correct,
the drastic changes in the measured force cannot be
reproduced. Thereasons for these discrepancies are many.
First, the lattice approximation itself is rather crude for
a chain as short as five segments. Furthermore, back-
folding of chains is allowed in the model and consequently
the repulsive contribution is underestimated. Second, in
addition to being more complex than the simplified model,
the experimental system contains salt due to incomplete
neutralization of the surfaces after hydrophobization. This
leads to double-layer repulsion and perturbations due to
interaction of the salt with the surfactant and the solvent.
The latter could also be a reason for the large changes in
the measured force with temperature. Malmsten et al.82
have less salt in their system, but on the other hand their
polymer is heterogeneously ethoxylated.

Last, the concentration-temperature phase diagram of
the nonionic surfactant C;5E;s is considered. The micelle
is viewed as a hydrophobic hard core with grafted eth-
ylene oxide segments, and spherical symmetry is used.
The crude model neglects the possible growth of micelles
with increasing temperature,'% but for C1,E;; growth is
probably negligible. Taking the radius of the core to be
approximately that of a stretched C;, chain, 17.6 A, and
thus the number of grafted chains (aggregation number)

to be 65, the phase diagram can be calculated by noting

the concentrations of possible coexisting phases at different
temperatures. Figure 10 shows such calculations for the
lower phase boundary, where the separation D between
aggregates has been transformed into the equivalent
volume fraction of micelles. At 290 K the free energy of
interaction performs a van der Waals loop and two phases
at different concentrations coexist, i.e., the composition
at the minimum and at the corresponding value of free
energy of interaction. The system phase separates into a
concentrated micellar solution in equilibrium with almost
pure water. Combining the result of several calculations
leads to the phase diagram displayed in Figure 11. While
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Figure 11. Calculated phase diagram for C;;E;; micelles
displaying the solubility gap in aqueous solution.

the qualitative behavior is correct, the quantitative
agreement with experiment is less so. The experimental
cloud point!%is about 371 K. Furthermore, the calculated
two-phase region is far too large. Most of the problem can
be explained by the difficulty in probing the free energy
of interaction at small separations because of the discrete
layers implicit in the lattice model. The consequence is
that neither the depth of the minimum nor the concen-
tration where it is found is well determined. For longer
chains these problems will be less severe.

8. Concluding Remarks

Some of the approximations introduced in the paper to
simplify calculations can be remedied, at a cost. The
complete flexibility of chains was introduced to enable a
matrix method to be used. If bond angles are constrained
and/or if each chain must be strictly self-avoiding, these
problems can be treated by introducing a memory in the
generation of chain conformations.6:53-6165 Duye to the
computational effort involved, these methods are restricted
toshort chains. Analternate interpretation of a “segment”
in a completely flexible chain is as a Kuhn “blob”.5:23 The
lattice spacing is then on the order of a Kuhn length, and
the volume excluded by a site can be set to a number less
than 1 since the bloh is compressible. However, there is
a limit for the useful refinements of the model on the
molecular level (short of a full-scale simulation), since the
random-mixing approximation introduces errors. Con-
sequently, the simple lattice model is still useful for
qualitative predictions since most of the important physics
is intact.

The theoretical treatment presented here adds a number
of new features to the extension of ESF4? reported in a
previous work.52 The self-consistent solution using La-
grange multipliers, or constraint pressures, mixes impor-
tant parameters in the system. The introduction of
“canonical chemical potential” proves to be a convenient
concept for the demixing, since a Gibbs—Duhem relation
gives a natural constraint on the Lagrange multipliers. A

.simple expression for the free energy can be obtained (not

new), and, more importantly, chemical potentials in
incompressible systems can be calculated without reference
to a bulk system. Furthermore, the formalism is such
that it is simple to extend it to a nonlattice self-consistent-
field theory for hard-sphere chains.%8

The theory has been applied to surfaces with grafted
polymers, and forces between such surfaces have been
investigated. The model is found to be an excellent tool
for promoting an understanding of the mechanisms
involved. The poly(ethylene oxide) model (allowing
internal degrees of freedom) gives reasonable qualitative
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predictions in spite of its simplicity. Although it involves
five parameters, some of them can be estimated by
quantum mechanical calculations® and their functional
relationship is fixed by the mechanistic interpretation of
the model.
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Appendix A. Notation

Indices

A A species (type of segment)

B, B’ type of state

¢, d conformation

i J layer number

H hydrophobic segment

k(x,8,0) layer where the segment of rank s of component
% in conformation c is located

N PEO segment in the nonpolar state

P PEO segment in the polar state

s segment rank

t(x,s) species type of the segment of rank s belonging
to component x

X,y component

w water or solvent

2z component in equilibrium

1,2 systems in equilibrium with each other

0,M+ 1 denote surface layers and surface species

Variables

A Helmholtz free energy, eq 6.1

A= excess free energy of interaction, eq 2.5

Aint total internal free energy, eq 4.3

C, exp(Bn,) or exp(Bu,), eq 3.4 or section 6

D separation between surfaces or aggregates

Gai species weighing factor, exp(-fna;), eq B.1

GA diagonal matrix containing G;

8AB degeneration of state B of species A

L; number of sites in layer i

ny number of component x

Nai number of segments of type A in layer i, eq B.10

Rsi number of sites in layer i occupied by segments
of rank s belonging to component x, eq B.8

Pyg; fraction of species A in layer i which are in state
B, eq B.13 and B.14

P, probability of conformation ¢ for component x,
eq 3.4 or B3

g(x,9) unnormalized number distribution of segments
of rank s belonging to component x, eq B.6

Q canonical partition function

Q= interaction part of the canonical partition func-
tion, eq 2.5

Qi canonical partition function for a noninteract-
ing system, eq 2.4

r number of segments in component x

TeA numbérlof segments of type A in component x,
eq E.

s column vector with unit elements

S entropy, eq 6.2

U total interaction energy, eq 4.4

Umix

energy due to segment—segment interactions, eq
44

Uuurf

Uas
Uai

Vs

Vy dconstraint

w
WA
a;

8
Yai
On
A
AQg
NAi

ex
Nxe

N«

¢yi

bagg
XBE

wIt‘

Qg
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energy due to segment-surface interactions, eq
4.4

internal energy of state B of species A

segment potential for species of type A in layer
i, eq 4.7

excluded volume constraint, eq 4.6

external potential acting on conformation d of
component y

interaction free energy per surface site, eq 6.12
transition matrix, eq B.4

Lagrangian multiplier related to volume con-
straints, eq 4.6

[RT}!over Boltzmann’s constant times absolute
temperature

Lagrangian multiplier related to the internal
states, eq B.12

hydrodynamic layer thickness

column vector with components §; for all j

free energy of interaction, eq 6.11

exces?1 clhemica.l potential of species A in layer i,
eq 4.

excess chemical potential for component x in
conformation ¢, eq 3.2

canonical chemical potential for component x,
eq 3.2

fraction of connections from layer i to layer j, eq
2.2

connection matrix containing A;

grand canonical chemical potential of component
x, eq 6.10

grafting density

fraction of sites in layer i occupied by segments
of type A

fraction of sites in layer i occupied by segments
belonging to component y

volume fraction of the micellar aggregate

Flory-Huggins interaction parameter between
species A in state B and species A’ in state B/,
eq 4.4

combinatorial factor related to the degeneracy
of component x in conformation ¢ neglecting
self-exclusion, eq 2.3

grand potential, eq 6.9

Appendix B. Evaluating Equilibrium
Distributions

B.l. Segment Distribution. The theory given is an
extension of a previously presented method*® to inhomo-
geneous polymers. Introducing the weight factors Ga;

defined as

eq 3.4 may be written as

Gy, = exp[-8n,;] B.1)
C, [

Py= ;“"deGtw),h(y.d,a) (B.2)
y &=

where t(v,s) denotes the species of segment s in component
y. Decomposing w,y according to eq 2.3 yields

y
Py= n_[Lhcv,d.nGtw,lwy,d.n] x

Y

Ty
([ ComrvanModsnisdnl B3
=1

which can be interpreted as a Markov process. Antici-
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pating the matrix calculations to come, let the transition
matrix be

(WH, = G\ WA=G*N)T (B.4)
where GA is a diagonal matrix with (GA);; = Ga; and (\);;
= Nj. (Note that the superscript is a species label.)
Identifying the second square bracket in eq B.3 with
(WtODy, 4.9 k(v.d5-1) and the first square bracket with the
entry k(y,d,1) of an unnormalized distribution of the first
segment g(y,1), eq B.3 may be expressed as a matrix
multiplication in component form

= _[H(w v )k(y,d,a),k(y d,s-l)] (g(y’l))k(y d,1) (B 5)

Asa first step toward the reduction of eq B.5 to segment
distributions, define the vector g(v,s) by

gs) = [HW‘W’] 80,1 (B.6)
§'=2

where the order of the matrix multiplication denoted by
the product is WionxWivs-lyx xWt03xWt0:2, Each
g(y,s) isrelated to the distribution of the segments of rank
s but is not normalized. Note that the g(y,r,) is the un-
normalized probability distribution of the end segment of
y. Introducing the summing operator 8, a column vector
with all entries equal to 1, eq 3.5 can be rewritten as

C
~2=(s"g0o,r)I" = [F,]" (B.7)
y

assuming that the end segment is free, and where F, is
introduced as a short-hand notation for the inverse of C,/
ny which normalizes the end segment distribution of y. (If
the end segment was confined to some layer i, s would be
substituted for by the selection operator A; which is a
column vector with entries §;; j = 1, ..., M).) If n,is fized,
C, is adjusted to satisfy eq B.7 and vice versa.

To obtain the distribution of the rest of the segment
ranks, the g(y,s) resulting from a forward walk (eq B.6)
needs to be renormalized, each with different correction
factor. Using a method related to the procedure of Rubin
and Di Marzio,1% it has been shown*8 that these correction
factors can be evaluated by a backward walk from the end
segment tosegments. For component y, the total number
of segments of rank s in layer i then becomes

nysi = CyF yu'By,r—a+1,i (BS)

where the forward walk F and the backward walk B are
defined by

=AT [HW‘WJ €(¥,1)

8'=2

By ey, = AiT'[H(w“y"’))T]'B (B.9) |

§'=r,

again assuming that the end segments are free. (Note the
reverse order of the matrix multiplication for the backward
walk.)

Equation B.8 is the central result, and all distributions
are obtained by summing it in different ways. Inparticular,
the number of species A in layer i is given by

Pai = Zn”“ ZC ZaAt(ya) ysiBy,rs+1; (B.10)

The correspondmg volume fractions are given by ®,5; =
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nyA;/L,', ete.

B.2. Equilibrium Internal State Distribution. The
internal states are chosen so that the free energy is
minimized for the specified “equilibrium” set of confor-
mations. Consequently, the internal state distribution
minimizes only A;,; and U and is thus uniquely determined
by the distribution of species. Since the probabilities

should sum to 1
;P aBi = 1

a new unrestricted function g is formed using the La-
grange multipliers ya;

g=U+A,+ };Zmu - ;PAB,-] (B.12)

Minimizing g with respect to Pap; (using eqs 4.3 and 4.4)
and ehmlnatmg a constant mvolvmg the Lagrange mul-
tipliers using the constraint in eq B.11, P,g; is given by

Eapexp[-BU,p + ;;XBB’<P Api®ai)]

;EAB exp[-8U,p + ;;XBW(PNB' Dp)]

(B.13)

For most parameter choices with low coupling between
states, Pap; can be evaluated directly by insertion in a few
iterations. The second derivative of g is clearly positive,
ensuring a minimum in the free energy. Itisnotsurprising
to find that the normalizing factor turns out to be closely
related to the weight factor G,;. Insertion of eq B.13 in
the logarithmic term of eq 4.7 obtains

8ap exp[-BU,p + ;;XBB'(P ami®ail]

B.11)

Pyp; =
— + )]
expl-uy + ) (B.14)

Appendix C. Numerical Tricks

In section 5, a self-consistent solution is reached when
the chosen set of species potentials {ns;} results in {na;}
and {a;} which satisfy eqs 5.1 and 5.2. Unfortunately the
evaluation of {n,;}, as described in Appendix B, will
encounter numerical problems unless the levels in the set
{nai} are chosen wisely. The main problem is that the
chemical potential of the polymers tends to be large
(especially in confined systems). As a consequence, C,
(exp(fn,)) may cause numerical overflow, with a corre-
sponding underflow in F, (eq B.7). A natural solution is
to transfer some of the excess from C, to F,. We have
essentially adopted a method proposed by Evers et al.4®
Since this paper is somewhat different, it is presented in
extenso. The object is to alleviate the numerical trouble
by adjusting the weight factors so that all G, are on the
order of 1 (shifted quantities are denoted by primes) while
keeping track of the shifts to enable determination of {aa;}.

A new set of iteration variables are defined by

> InF,

xAi = —ﬁ[uM— uA“f-l?] + 2

2!

where uy; and F, are given by eqs 4.7 and B.7, respectively.
The species reference potential us™ is zero except for
species in components z which are in equilibrium with

(C.1
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another system (cf. section 6.2). It only dependsonsystem
two and is given by the average

ZuA,-(system two)
u o == (C.2)

Zl

H

It is specifically introduced to prevent overflow in the
fixed C,. The fixed chemical potentials u, are reduced by
the corresponding ua™f for each segment. The average
species potential in the system of interest

P
»

is subtracted to shift the first square bracket in eq C.1
into the neighborhood of zero. The last term ineq C.11is
introduced to enable extraction of the average species
potential from the iteration variables (see below).

Since the average iteration variable is

;me ZlnF
5r il

we can write the equality

(C.3)

(C4)

xAi - .‘2 = _ﬂ[uA, - uAref_ a] (0-5)
The shifted weight factors are then taken to be

G,/ = exp(-Blu,; — u,™ - a]) = exp(x,, - ) (C.6)

where all G5/are on the order of 1. These can now safely
be used to evaluate the resulting {na;} by the procedure
outlined in Appendix B.

Introducing the short-hand notation ya; = Bua; + «; in
eq 4.7 and noting that the average species potential is
extracted from the iteration variables by

[> InF,1- [;Zx,ﬁl - [Ziﬂum)"‘]
g =—> ' > C.7)

Z'y
Yy

each ay; can be written as

ay =[xy~ 21 - Bu,™ - Bu + wM[ZQA,.]’I (C.8)

where the damping factor for Y, is a trick to reduce large
oscillations when the weight factors are far from the
solution.

Appendix D. Conformational Analysis

Once a seif-consistent set of weight factors {Ga;} is found,
probabilities of chain conformations can be analyzed
through eq B.2. The information can be reduced by
dividing the chains into four classes: free chains (f), chains
absorbed only on surface s (a) or s’ ("), and chains bridging
s and s’ (b). Now, the external potential in section 4 (i.e.,
setting all weight factors outside the system to zero) was
introduced to select all possible conformations of chains
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inside the confined system. Following Scheutjens and co-
workers, the external potential may similarly be chosen
to select another subset of chains. (A more detailed
treatment is given in ref 49.) Thus, by setting all weight
factors in layer 1 and M to zero, only free chains remain.
Zeroing only those in layer M selects chains that are free
orabsorbed tosurfacesonly, etc. By zeroing weight factors
in either layer 1 or M, or both, or none, the proportions
of the above classes may be evaluated by linear combi-
nation. The normalizing factors in eq B.7, abbreviated
F,, satisfy

F'=F'+F*+F*+F} (D.1)

where t denotes the set of all chains. The probability that

a chain of component y belongs to class ¢ is then
F 14
Pf= 7, = (D.2)
and since eq B.8 using the above notation may be written
as
f=CJF, +F, +F,+F,"B
By,h9+1,i + By,;-—.v+1,il + By,r—s+1,ib] (D.3)

the segments of rank s in layer | may similarly be divided
into classes. We group the 16 possibilities (in abbreviated
form) into

y,r—s+1, 1

ff free

fa, af tail from s

fa’, a’f tail from s’

fb, bf tail from s or ¢’
aa loop or train on 8
a’a’ loop or train on &’
aa’,a’a single bridge

ab, a’b, bb, ba, ba’ loop and bridge or double

bridge, i.e., the rest

For each class eq D.3 may be summed as in eq B.10 for
the respective species distributions.

The hydrodynamic thickness (see ref 99 for details) is
given by

=M - a(M) (D.4)
where a(i) is recursively obtained through

.tanh ¢! + a(i-1
al) = — 0l _ at )_1 (D.5)
1+ a(i-1) g tanh g;

0 and g; is taken to be

1_@1.& 1/2
qi=( 32 ) 8

eq D.4 is readily evaluated. The volume fraction distri-
bution ®;2 is in general the total contribution from all
segments of absorbed components but can be restricted
to the contributions from chains on one surface. In this
paper the latter is used to probe the state of grafted chains.

Since a(0) =

Appendix E. Bulk System

Consider a bulk solution, where the Bragg-Williams
approximation is applied over the whole system. In a
treatment similar to that in sections 3-6, the canonical
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chemical potential of a component y is

b ny PAB
ﬂﬂy =1n7—rya+;;ryAPAB UAB+111—+
8aB

;;XBB'P A'B"I’A'} (E.1

where ry, is the number of segments of species type A in
component y, Visthe volume, and &, is the volume fraction
of species A. « is given by

n, 1
a= [ZV] + 5;;;;%.1: AeXpePap®y (E2)

in order to satisfy the Gibbs—Duhem relation. The derived
chemical potential in eq E.1 can be shown to be equivalent
to the one derived by Evers et al.4® after a change is made
to their reference state. For the special case of a bulk
system of one pure component without internal degrees
of freedom, the chemical potential becomes

B =-In(r)-1 (E.3)
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